It was suggested that the massive Yang-Mills-Chern-Simons matrix model has three phases and that in one of them a non-Abelian gauge symmetry is dynamically generated. The analysis was at the one-loop level around a classical solution of fuzzy sphere type. We obtain evidences that three phases are indeed realized as nonperturbative vacua by using the improved perturbation theory. It gives a good example that even if we start from a trivial vacuum, the improved perturbation theory around it enables us to observe nontrivial vacua. §1. Introduction
§1. Introduction
It has been expected that a nonperturbative formulation of string theory could be realized as the large-N limit of a matrix model, or a gauge theory in lower dimensions. 2)-4) In such an approach, the most important criterion is whether it certainly defines quantum gravity, as well as whether it is reduced to the standard model in four dimensions at a low energy regime. As for the latter point, however, matrix models which yield the gauge group of the standard model in the large-N limit have not been found so far. Therefore, as the first step toward this aim, it is interesting and meaningful to construct a matrix model in which a non-Abelian gauge symmetry is dynamically generated in the large-N limit, and to examine its property. In fact, it was proposed 5) that the bosonic massive Yang-Mills-ChernSimons (YMCS) matrix model would have such a property. This model is obtained by the large-N reduction 6) of the U (N ) Yang-Mills theory with the Chern-Simons term in three dimensions and by adding the mass term, and has two parameters corresponding to the mass term and the Chern-Simon term. This model admits classical solutions with the fuzzy spheres. From the one-loop analysis around them, it was suggested 5) that in the large-N limit this model has three phases, and that in one of them a non-Abelian gauge symmetry is dynamically generated. It is quite interesting result from the viewpoint of our motivation mentioned above. However, since the analysis was at the one-loop level, it is not clear whether the phase with the non-Abelian gauge group would be realized even at the nonperturbative level. In order to confirm this, we employ the improved perturbation theory developed in Refs. 7) and 8). One of the characteristics of this method is that even if we start from the perturbative vacuum, it would provide nonperturbative information, or even exact values of physical quantities. Some examples are presented in Refs. 7) and 8). Therefore, by applying it, it is anticipated that even if we begin with the YangMills phase, we can observe other phases, especially the interesting phase with thẽ non-Abelian gauge symmetry, if it would be a nonperturbative vacuum. We will see this is indeed the case. Conversely, it implies that the massive YMCS matrix model provides a nice tractable example in which by applying the improved perturbation theory around a perturbative vacuum we can extract information of nonperturbative vacua. §2. The model
The massive Yang-Mills-Chern-Simons matrix model is defined by the action
where
We will consider this model in the large-N limit. This model has two parameters α, m corresponding to the Chern-Simons term and mass term respectively. We are interested in the free energy of this model as a function of them, by which we can determine the phase structure of this model. The equation of motion derived from Eq. (2 . 1) is
Apart from a trivial solution A µ = 0, this model admits a classical solution of fuzzy sphere type given by
, this type of solution ceases to exist. Generically L µ can be a reducible representation of the SU (2) algebra which consists of the n i -dimensional irreducible representations for i = 1 ∼ s, where
It is easy to see that when α 2 > 9m 2 , a single fuzzy sphere (s = 1, n 1 = N ) is the most dominant configuration and the system is in the fuzzy sphere phase. On the other hand, when α 2 < 9m 2 , the trivial solution A µ = 0 becomes stable and the system is in the Yang-Mills phase. However, as shown in Ref. 5), if we take account of the one-loop contribution to the free energy, we can find the third phase for moderate α and m satisfying 8m 2 < α 2 < 9m 2 in which O(N ) copies of the small fuzzy sphere appear as the true vacuum. This phase is called "5-brane phase" in Ref. 5) , where a non-Abelian gauge group with rank of O(N ) is generated. By analyzing configurations with fuzzy spheres of various sizes at the one-loop level, the phase diagram was proposed in Ref. 5). * ) However, although the one-loop analysis is reliable in some parameter region, it is not clear that it is sufficient for general parameter region. Therefore, it is important to confirm that the phase diagram in Ref. 5) is true even at a nonperturbative level by a totally different method. As such, we employ the improved perturbation theory developed in Refs. 7) and 8).
§3. The improved perturbation theory
The improved perturbation theory is a method of constructing a new series from a given series which is not necessarily convergent. Let us assume that we are interested in an observable F (g = 1, ξ) of a theory with a coupling constant g and a set of parameters ξ. Suppose we have the standard perturbation series of F (g, ξ) as
If this converges with a radius of convergence bigger than 1, we would get F (g = 1, ξ), but in practice it often becomes only an asymptotic series. The improved perturbation series amounts to first making replacement
where we have introduced ξ 0 as a set of artificial parameters corresponding to ξ, and then expanding it in terms of g. Namely, we obtain the improved perturbative series F imp k (with g = 1) as
If we could add this series up to infinite order, it does not depend on ξ 0 we have introduced artificially, while F imp k for finite k has a nontrivial dependence on ξ 0 . However, even if k is finite, we often observe that F imp k (ξ; ξ 0 ) has little dependence on ξ 0 in a certain range of ξ 0 , namely "plateau" region, reflecting the fact that F imp k→∞ does not have ξ 0 -dependence. Moreover, in such a case, F imp k (ξ; ξ 0 ) with ξ 0 in the plateau is known to reproduce the exact value F (g = 1, ξ) with considerably good accuracy. Several examples are given in Refs. 7) and 8).
However, for finite k, F imp k is a polynomial of ξ 0 , hence it could not have the plateau in the strict sense. Instead, it is proposed in Ref. 8) that a candidate for the plateau could be identified as accumulation of extrema of F imp k (ξ; ξ 0 ) with respect to ξ 0 . Therefore, for each ξ, the improved perturbation theory provides an approximate value of F (g = 1, ξ) as a value of F imp (ξ; ξ 0 ) where around ξ 0 extrema accumulate. §4. Application to the massive Yang-Mills Chern-Simons matrix model
We compute the free energy F (α, m 2 ) and the expectation value of the ChernSimons term of (2 . 1) by the standard perturbation theory around the trivial vacuum A µ = 0 up to the fifth order, where the coupling constant g is introduced so that the standard perturbation theory of the large-N gauge theory will work. Thus we can restrict ourselves to the planar diagrams. Then for each α and m 2 , we construct the improved perturbation series F imp (α, m 2 ; α 0 , m 2 0 ) and A imp (α, m 2 ; α 0 , m 2 0 ) according to the prescription described in the previous section. By examining accumulation of extrema of them with respect to α 0 and m 2 0 for each α and m 2 , we obtain approximate values of F (α, m 2 ), A(α, m 2 ) , from which we will determine the phase. As a result we obtain a phase diagram in Fig. 1 . Since this is obtained via the improved perturbation theory, we expect it is a nonperturbative result. The main structure of our phase diagram is consistent with one obtained in Ref. 5 ). This implies that the one-loop analysis in Ref. 5 ) is sufficient to determine the phase structure of the massive YMCS matrix model. Moreover, it is a good evidence that even if it is constructed from the perturbation theory around the trivial vacuum like A µ = 0 in the Yang-Mills phase, the improved perturbation theory provides information on the nontrivial vacua like those in the fuzzy sphere phase or the 5-brane phase, in particular, the dynamical generation of the non-Abelian gauge symmetry in the latter phase.
